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Abstract. Simulations of weighted tree automata (wta) are considered. 
£NJ , It is shown how such simulations can be decomposed into simpler func- 

tional and dual functional simulations also called forward and backward 
simulations. In addition, it is shown in several cases (fields, commuta- 
tive rings, Noetherian semirings, semiring of natural numbers) that all 
equivalent wta M and N can be joined by a finite chain of simulations. 
More precisely, in all mentioned cases there exists a single wta that sim- 
C2 . ulates both M and N. Those results immediately yield decidability of 

equivalence provided that the semiring is finitely (and effectively) pre- 
sented. 



ON , 1 Introduction 

O 

-vi , Weighted tree automata (or equivalently, weighted tree grammars) are widely 

used in applications such as model checking [1] and natural language process- 
or ing [22]. They finitely represent mappings, called tree series, that assign a weight 
f - ^ ' (taken from a semiring) to each tree. For example, a probabilistic parser would 

return a tree series that assigns to each parse tree its likelihood. Consequently, 
several toolkits [21,25, 10] implement weighted tree automata. 

The notion of simulation that is used in this paper is a generalization of the 
/\ ■ simulations for unweighted and weighted (finite) string automata of [5, 15]. The 

aim is to relate structurally equivalent automata. The results of [5, Section 9.7] 
and [23] show that two unweighted string automata (i.e., potentially nondeter- 
ministic string automata over the Boolean semiring) are equivalent if and only 
if they can be connected by a finite chain of relational simulations, and that 
in fact functional and dual functional simulations are sufficient. Simulations for 
weighted string automata (wsa) are called conjugacies in [2, 3], where it is shown 



Partially supported by grant no. K 75249 from the National Foundation of Hungary 
for Scientific Research and by the TAMOP-4.2. 2/08/1/2008-0008 program of the 
Hungarian National Development Agency. 

Financially supported by the Mmisterio de Education y Ciencia (MEC) grant JDCI- 
2007-760 and the European Science Foundation (ESF) short-visit grant 2978 in the 
activity "Automata: from Mathematics to Applications". 



that for all fields, many rings including the ring 2Z of integers, and the semi- 
ring IN of natural numbers, two wsa are equivalent if and only if they can be 
connected by a finite chain of simulations. It is also shown that even a finite 
chain of functional (covering) and dual functional (co-covering) simulations is 
sufficient. The origin of those results can be traced back to the pioneering work 
of Schutzenberger in the early 60's, who proved that every wsa over a field is 
equivalent to a minimal wsa that is simulated by every trim equivalent wsa [4]. 
Relational simulations of wsa are also studied in [9], where they are used to 
reduce the size of wsa. The relationship between functional simulations and the 
Milner-Park notion of bisimulation [26, 27] is discussed in [5, 9]. 

In this contribution, we investigate simulations for weighted (finite) tree au- 
tomata (wta). Schutzenberger's minimization method was extended to wta 
over fields in [8, 7]. In addition, relational and functional simulations for wta are 
probably first used in [12,13,19]. Moreover, simulations can be generalized to 
presentations in algebraic theories [5], which seems to cover all mentioned in- 
stances. Here, we extend the results of [2,3] to wta. In particular, we show that 
two wta over a ring, Noetherian semiring, or the semiring IN are equivalent 
if and only if they are connected by a finite chain of simulations. Moreover, we 
discuss when the simulations can be replaced by functional and dual functional 
simulations, which are efficiently computable [19]. Such results are important 
because they immediately yield decidability of equivalence provided that the 
semiring is finitely and effectively presented. 



2 Preliminaries 

The set of nonnegative integers is IN. For every k € IN, the set {i G IN | 1 < i < k) 
is simply denoted by [k]. We write |^4| for the cardinality of the set A. A semiring 
is an algebraic structure A = (A, +, •, 0, 1) such that (A, +, 0) and (A, •, 1) are 
monoids, of which the former is commutative, and • distributes both-sided over 
finite sums (i.e., a ■ = = • a for every a G A and a ■ (b + c) = ab + ac 
and (b + c) ■ a = ba + ca for every a,b,c G A). The semiring A is commu- 
tative if (A, •, 1) is commutative. It is a ring if for every a G A there exists 
an additive inverse —a G A such that a + (—a) = 0. The set U is the set 
{a G A | 3b G A: ab = 1 = ba} of (multiplicative) units. The semiring A is 
a semifield if U = A \ {0}; i.e., for every a G A there exists a multiplicative 
inverse a -1 G A such that aa^ 1 = 1 = a~ 1 a. A field is a semifield that is also 

a ring. For every B C A let (B) + = {b x -\ \- b n | n G IN, b\, . . . , b n G B}. If 

A = (B) + , then A is additively generated by B. Finally, it is equisubtr active if for 
every a\, a 2 , b\, b 2 G A with a\ + b\ = 02 + bi there exist c\, C2, di, di G A such 
that (i) a\ = C\ + di, (ii) &i = c 2 + d 2 , (iii) a 2 = ci + c 2 , and (iv) 62=^1+^2- 
The semiring A is zero-sum free if a + b = implies G {a, b} for every 
a, b G A. Clearly, any nontrivial (i.e., 0^1) ring is not zero-sum free. Moreover, 
A is zero-divisor free if a-b = implies a = = b for every a, b G A. All semifields 
are trivially zero-divisor free. Finally, the semiring A is positive if it is zero-sum 
free and zero-divisor free. An infinitary sum operation ^2 is a family (^2j)i 



such that ^2j : A 1 — >• A. We generally write ^2 iGl Chi instead of J2i( a i)iei- The 
semiring A together with the infinitary sum operation ^2 is complete [11, 18, 17, 
20] if 

- Sie{ji,j 2 } ° 4 = a J'i + a J2 for a11 Ji ^ J2 and a h ,a J2 G A, 

- Z)ie/ fl i = J2j£j{J2i£i a i) f° r every index set I, partition (Ij)j^j of/, and 
{ai)i€i G -4 7 , and 

- a ' (Z)»e/ a «) = X)»eJ aa * anc * (X)*ei ai ) ' a = X)»ei a * a for ever y "^A index 
set I, and (aj)igi G ^4 7 . 

An A-semimodule is a commutative monoid (B, +, 0) together with an action 
• : AxB — >• -B, written as juxtaposition, such that for every a, a' G A and 6, fe' G B 

- (a + a')6 = a& + a'6 and o(6 + b') = ab + a6', 

- 06 = = oO, lb = b and (a • a> = a(a'b). 

The semiring .A is Noetherian if all subsemimodules of every finitely-generated 
A-semimodule are again finitely-generated. 

In the following, we often identify index sets of the same cardinality. Let 
A G A hxJl and Y G A l2Xj ' 2 for some finite sets I\,h, Ji, Ji. We use upper- 
case letters (like C, D, E, X, Y) for matrices and the corresponding lower-case 
letters for their entries. A matrix X G A lxj is relational if x^ G {0, 1} for every 
i <E I and j G J. Clearly, a relational matrix defines a relation px Q I x J 
by (hi) G px if and only if Xij — 1 (and vice versa). Moreover, we call a 
relational matrix functional, surjective, or injective if its associated relation has 
this property. As usual, we denote the transpose of a matrix X by A T , and 
we call X nondegenerate if its has no rows or columns of entirely zeroes. A 
diagonal matrix X is such that x^ = for every i ^ j. Finally, the matrix X 
is invertible if there exists a matrix Y such that XY = I = YX where I is the 
unit matrix. The Kronecker product A <g> Y~ G A i - IlXl2)x( - JlXj2) is such that 
(X ®Y) {ilM) ^ UJ2) = x iujl y i2j2 for every i x G h, i 2 G h, j\ G J\, and j 2 G J 2 . 
Clearly, the Kronecker product is, in general, not commutative and (1) G A^ 
acts both-sided as neutral element. We let A -® = (1) and X t+1 >® = X l <® A 
for every i G IN. 

Finally, let us move to trees. A ranked alphabet is a finite set E together 
with a mapping rk: S -4 IN. We often just write 17 for a ranked alphabet and 
assume that the mapping rk is implicit. We write Uk = {o~ G S rk(er) = k} 
for the set of all /c-ary symbols. The set of S-trees is the smallest set Ts such 
that o~(ti, . . . , ife) G Ts for all a G Sk and ii, . . . ,tk G Tj;. A tree series is a 
mapping ip: Tjj — > A. The set of all such tree series is denoted by A{{T^))- For 
every y> G A{{T^)) and £ G Tj;, we often write (<p, t) instead of <fi(t). Let D be a 
distinguished nullary symbol such that □ ^ S. A E- context c is a tree of T^u/m, 
in which the symbol □ occurs exactly once. The set of all .27-contexts is denoted 
by Ce- For every c G Ce and £ G Te, we write c[£] for the 17-tree obtained by 
replacing the unique occurrence of □ in c by t. 

A weighted tree automaton (over A), for short: wta, is a system (E, Q, p, F) 
with 



— an input ranked alphabet S, 

— a finite set Q of states, 

— transitions /i = (fik)k£TN such that [x k : E k — > A® x( ^ for every k £ IN, and 

— a final weight vector F £ A® . 

Next, let us introduce the semantics ||M|| of M. We first define the function 
hfj, : Tjj — > A® for every a £ U k and t\, . . . , tk £ T% by 

hft{(j{t\,...,tk)) = (M*i) ®---®ft M (ifc)) • Hk{o) , 

where the final product • is the classical matrix product. Then (||M||, t) = h^(t)F 
for every t £ Ts, where the product is the usual inner (dot) product. 

Let /: A ->• {0, 1} be such that /(0) = and f(a) = 1 for all a £ A \ {0}. 
The Boolean wta f(M) (i.e., essentially an unweighted tree automaton) corre- 
sponding to M is (£,Q, n',F') where 

— fJ-' k ( a )u>,q = f{v>k{o)w,q) f° r every a £ E k , w £ Q k , and q £ Q, and 

— F'(q) = f(F(q)) for every q £ Q. 

The wta M is trim if every state is accessible and co-accessible in f(M). In other 
words, the wta M is trim if f(M) is trim. 

3 Simulation 

Simulations of automata were defined in [5, 15] in order to provide a structural 
characterization of equivalent automata. We will essentially follow the presenta- 
tion of [2] here. 

Definition 1. Let M = (£, Q, n, F) and N = (£, P, v, G) be wta. Then M sim- 
ulates N if there exists a matrix X £ A^ xP such that 

(i) F = XG, and 
(ii) Hk(cr)X = X k >® ■ u k (a) for every a £ £ k . 

v 

The matrix X is called transfer matrix, and we write M —¥ N if M simulates N 
with transfer matrix X. 

Note that X- - ■ ■ = 1~L ^ x;, ,„ . We illustrate Definition 1 in Fig. 1. If 

*l'"»»iiJl - "J* 1.11=1 H,J£ O 

M — > M' and M' — > N, then M —> N. Thus, simulations define a preorder on 
wta. 

Theorem 2. If M simulates N, then M and N are equivalent. 

Proof. Let M = (E,Q,fj,,F) and N = (£,P,u,G), and let X £ A® xP be a 
transfer matrix. We claim that h^(t)X = h„(t) for every t £ Ts- We prove this 
by induction on t. Let t = a(t\ ,... ,t k ) for some a £ E k and ti, . . . , t k £ Ts- 

h^aih, . . . ,t k ))X = (h^h) ® ■ ■ ■ ® h^tk)) -Hk{o-)X 
= (M*0 <g> • • • <8> M**)) • Xk '® • M<?) = (h»(ti)X <8> • • • <g> h^{t k )X) ■ v k {a) 
= (h„(ti) • • ■ <g> h„(tk)) ■ vk{<j) = h„(a(ti, ..., t k )) 



Mfe(a) 




^fe(o-) 
Fig. 1. Illustration of simulation. 



With this claim, the statement can now be proved easily. For every t G Ts 

(\\M\\,t) = h^t)F = h^(t)XG = h u {t)G = {\\N\\,t) . n 

V 

Lemma 3. Let M and N be trim wta such M —¥ N. If (i) X is functional or 
(ii) A is positive, then X is nondegenerate. 

Proof. Let M = (S, Q, /j,, F) and N = {£, P, v, G). Moreover, let 

J={p€P\Vq€Q:x qp = 0} . 

Then Vk{o~) w .j = for every a G Ek, w G (P \ J) , and j G J. This is seen as 
follows. Since Hk(o-)X = X k '® ■ ffc(cr) we obtain 



2_j Vk(0-) qi -q k ,q 

qeQ 



b qj 



= = 



E 

pi,..., Pfe GP e=i 



K 

\ 11 X< ii-Pi) ' l/ k\0~)p 1 ---p k ,j 



(1) 



for every qi, . . . , q k G Q and j G J. If X is functional, then 
k 

E (II X *t,Pl ) • iy fe( Cr )pi---Pfc,J = V k{o-) Px ( qi )...p x ( qk ).j =0 , 

P i,..., Pfc eP €=i 

which proves the claim. On the other hand, if A is positive, then (1) implies that 
IL=i x qi,pi ' l/ k(o') Pl -p k ,j = for every pi, . . . ,p k G P. Since for every p^ ^ J, 
there exists g^ such that x qe>Pe ^ and fL =1 x qt-pt t^ by zero-divisor freeness, 
we conclude that ^/s(c) Pl ... Pfcl j = for every pi, ■ ■ ■ ,Pk G -P \ •/, which again 
proves the claim. Consequently, all states of J are unreachable. Since TV is trim, 
we conclude J = 0, and thus, X has no column of zeroes. 

If X is functional, then it clearly has no row of zeroes. To prove that X has 
no row of zeroes in the remaining case, let / = {q G Q \ Vp G P: x qp = 0}. Then 
F t = and Hk{<r) qi -q k ,q = for every a G E k , q € Q\I, qi, ■ ■ ■ ,qu € Q, and 
i G I such that qi — i for some £ G [fc]. Clearly, _Fi = X^neP x ip^"p = f° r every 
i G /. Moreover, since Hk{o~)X = X k >® ■ Vk{cr) we obtain 

k 

^ww«,-m'v= e (n^'w) • z/ fe( £7 )pi-pfc-p =o ( 2 ) 



<?eQ 



,p fc £P 



for every qi, . . . , q^ G Q, p G P, and i <E I such that qg = i for some £ G [k]. 
Since A is positive, (2) implies that p>k{o~)qi---q k ,q • x qp — for every q E Q. 
However, for all q G Q \ I, there exists p G P such that x qp ^ because q ^ I. 
Consequently, pk(o~) qi ... qktq = by zero-divisor freeness, which proves the claim. 
Thus, all states of I are unreachable. Since M is trim, we conclude 1 = 9, and 
thus, X has no row of zeroes. □ 

Definition 4 (see [19, Def. 1]). Let M = (S,Q,p,F) and N = {E,P,v,G) 
be wta. A surjective function p: Q —} P is a forward simulation from M to N if 

(i) F q = Gp(g) for every q G Q, and 
(ii) for every p G P, a G Sk, and q±, . . . , qk G Q 

/] t i k(o-) qi ... qkA = V k (o-) p{qi) ... p ( qk y p . 

qeQ: p(q)=p 

Finally, we say that M forward simulates N , written M -» N , if there exists a 
forward simulation from M to N . 

Lemma 5. Let M and N be wta such that N is trim. Then M — » N if and only 
if there exists a functional transfer matrix X such that M —} N . 

Proof. Let M = (£, Q, /j,, F) and A^ = (£, P, v, G). First suppose that M 4 N 
with functional X G A® xP . Then px ■ Q —> -P is a surjective function by 
Lemma 3. Conversely, if M -» N with the forward simulation p: Q — >• P, then 
p induces a surjective functional matrix X G A® xP such that px = p. 

Let X G A^ xP be a surjective, functional matrix. It remains to prove that 
the conditions that (1) X is a transfer matrix and (2) px is a forward simulation 
are equivalent. We discuss the two items of Definitions 1 and 4 separately. 

(i) F = XG if and only if F q = G p i q \ for every q G Q. 
(ii) for every a G Sk, q\, . . . , qk G Q, and p G P 

(p k (o-)X) qi ...q kiP = ^ Vk(<r)q 1 -q k ,q 

qeQ-- px(q)=p 

(X '® ■ Vk{0-)) qi -q k ,p = Vk{0-)p x ( qi) ...p x (q k )^ ■ 

Thus, X is a transfer matrix if and only if px is a forward simulation, which 
proves the statement. □ 

Definition 6 (see [19, Def. 16]). Let M = {S,Q,p,F) and N = (S,P,v,G) 

be wta. A surjective function p: Q — >• P is a backward simulation from M to N 
if 

(V 'EqeQ: p(q)=p F 1 = G P f° r eVer y P e P ' aTld 

(ii) for every q G Q, o~ G Sk, and p\, . . . ,pk G P 



/ t l i k{0-)q 1 -q k ,q-Vk{0-) pi ... pk ^( q) . 



qi,...,q k £Q 
Pi<ll)=Pl,---,p{<lk)=Pk 



Finally, we say that M backward simulates N , written M «- N , if there exists 
a backward simulation from M to N . 

Lemma 7. Let M and N be wta such that N is trim. Then M «- N if and only 
if there exists a transfer matrix X such that X is functional and N — >• M . 

Proof. Let M = {£, Q, p, F) and N = {£, P, u, G). First, suppose that N 4 M 
with the transfer matrix X E A Px ® such that X T is functional. Let Y = X T . 
Then py '■ Q — >• P is a surjective function by Lemma 3. Conversely, if M «- N 
with the backward simulation p: Q — > P. then p again induces a surjective, 
functional matrix X 6 J 4 ( 3 xP such that px = p. 

Let X e A® xP be a surjective, functional matrix. It remains to prove that the 
conditions that (1) X T is a transfer matrix and (2) px is a backward simulation 
are equivalent. We discuss the two items of Definitions 1 and 6 separately. 

(i) G = X T F if and only if G p = J2 q eQ-. P x(q)= P F i for ever y P e P - 
(ii) for every a e Sk, Pi, ■ ■ ■ ,Pk S P, and q E Q 

(v k (cr)X ) Pl ... Pk , g = v k {o-) Pl ...p k ,p x ( q ) 

{{X T ) k <® ■ Pk(o-)) Pl ... Pk , q = J2 »k(o-) qi - qk , q ■ 

q i,..., qk eQ 

px(qi)=Pi,---,px(qk)=Pk 

Thus, X T is a transfer matrix if and only if px is a backward simulation, which 
proves the statement. □ 

Lemma 8. If A = (U)+, then for every X E A^ xP there exist matrices C, E, D 
such that 

— X = CED, 

— C T and D are functional, and 

— E is an invertible diagonal matrix. 

If (i) X is nondegenerate or (ii) A has (nontrivial) zero-sums, then C T and D 
can be chosen to be surjective. 

Proof. For every q E Q and p E P, let t qp E IN and u qp i, . . . , u qp i qv E U be such 
that x qp — X)i=i u qpi- I n addition, let 

J = {(q,i,p)\qEQ, P EP,iE[£ qp }} . 

Finally, let 7Ti : J — > Q and tt^ : J —} P be such that TTi((q, i,p)) = q and 
^3{(Q>hp}) = P f° r every (q,i,p) E J. Then we set C T and D to the functional 
matrices represented by 7Ti and 7T3, respectively. Together with the diagonal ma- 
trix E such that e/ qip \i qip \ = u qp i for every (q, i,p) E J, we obtain X = CED. 
For every q E Q and p E P we have 

QP QP 

/ j C q,ji e jlj2^J2,P = / j e {q,i,p),(q,i,p) = / f u qpi = x qp ■ 
jl,J2&J t=l t=l 



It is clear that C T and D are functional matrices. Moreover, E is an invertible 
diagonal matrix because EE^ 1 = I = E~ 1 E where E~ l is the matrix obtained 
from E by inverting each nonzero element. If X is nondegenerate, then C T and D 
are surjective. Finally, if there are zero-sums, then for every q G Q and p E P 
there exist u,v E U such that x qp = = u + v, which yields that we can choose 
£ qp > 0. This completes the proof. □ 

Lemma 9. Let A be equisubtractive. Moreover, let R E A® and C E A p be 
such that X^oeQ r q = E P eP c p- Then there exists a matrix X G A^ yP with 
row sums R and column sums C; i.e., J2q£Q x qp ~ c p f or ever V V G P an d 
J2 P eP x iv = r q f or ever V Q^Q- 

Proof. If \Q\ < 1 or \P\ < 1, then the statement is trivially true. Otherwise, 
select i G Q and j G P, and let Q' = Q \ {«} and P' = P\{j}. By assumption 

12 r t + n = 12 c p + C J • 

Thus, by equisubtractivity there exist a,c'j,r' i ,Xij G ^4 such that 

E_ , / _ / , v^ _ , / _ / . 

q£Q' p£P' 

Continuing the row decomposition, we obtain Y G A'? and i?' G A® such that 
r q = r' + j/q for every q G Q' and X) eO' r 9 = a - in a similar manner we perform 
column decomposition to obtain Y' G A p and C G A p such that c p — c! + y' 
for every p E P' and X)«eP' c 'v ~ a - Thus, by the induction hypothesis, there 
exists a matrix X' G A® xP with row sums R' and column sums C" because 
J2 q eQ' r 'q = E pe p' c^ Then the matrix 



X = 



( \ 

X' Y 



V (^') T xn) 

obviously has the required row and column sums R and C, respectively. □ 

Lemma 10. If X G A® xP is functional (respectively, invertible diagonal), then 
X k '® is functional (respectively, invertible diagonal) for every k G IN. 

Proof. Trivial. □ 

Theorem 11. Let M and N be wta and A be equisubtractive with A = (£/)+. 
Then M — > N if and only if there exist two wta M' and N' such that 

— M — > M' where C T is functional, 

— M' — > N' where E is an invertible diagonal matrix, and 



— N' — > N where D is functional. 

If M and N are trim, then M' «- M and N' -» N . 

Proof. Clearly, M 4 M' -4 N' 4 N, which proves that M °-^ N. For the 
converse, let M — (£, Q, /j,, F) and N = (Z 1 , P, v, G). Lemma 8 shows that there 
exist matrices C, E, D such that 

- X = CED, 

— C T and D are functional matrices, and 

— E £ A lxl is an invertible diagonal matrix. 

Finally, let ip : I — > Q and ^ : 7 — > P be the functions associated to C T and 7). 
It remains to determine the wta M' and N'. We construct M' = (£,I,n',F') 
and N' = (E, I,u', G') with 

- G' = DG and 

- F' = £7>G. 

Then CF' = CEDG = XG = F. Thus, it remains to specify /j,' k (a) and v' k (a) 
for every a £ Z^. To this end, we determine a matrix Y <E A 1 x/ such that 

c fc ^-r = ^( ( r)CF (3) 

YD = E k <® -D k '® -v k {a) . (4) 

Given such a matrix Y, we then let ^fc( a ) = YE^ 1 and ^(ct) = (E k '®)~ x ■ Y. 
Then 

Mfc (a)C = C k >® ■ n' k (a) n' k (a)E = E k >® ■ u' k {a) u' k (<y)D = D k ^ ■ u k (a) . 

These equalities are displayed in Fig. 2. 

Finally, we need to specify the matrix Y. For every q £ Q and p £ P, 
let I q = ip~ 1 (q) and J p = ip~ 1 (p). Obviously, Y can be decomposed into dis- 
joint (not necessarily contiguous) submatrices Y qi ... qktP £ A- Iq i x ■■■ xl ik> xj p with 
q\ , . . . , q k £ Q and p <E P. Then (3) and (4) hold if and only if for every 
q\ , . . . , q k £ Q and p £ P the following two conditions hold: 

1. For every i £ 7 such that i/>(i) = p, the sum of the i-column of Y qi ... qktP is 

IAk\&)qi_---q k ,tp{i) " e i,i- 

2. For all ii, . . . ,i k £ 7 such that ^(i,) = (/j for every j £ [fc], the sum of the 
(ii,...,i fe )-rowof Y gi ... gkiP is Uj^i^.i, • ^(cr)^ (il )...^ (ife) , p . 

Those two conditions are compatible because 

V>(i)=P 



'9i-"9fciP v v "Qi—QktP 



i (**■« • i^(cr)) m ... fli _ n - (C fe '« • £*■« • D fe '® . ^(cr)) f 

"fcWlKii)-*(«li),P 



E 


fe 


ii,...,i k ei 
Vje[fe]:vfe)= 





Consequently, the row and column sums of the submatrices Y q 



gi-ik, 



are consis- 



tent, which yields that we can determine all the submatrices (and thus the whole 
matrix) by Lemma 9. 

If M and N are trim, then either 

(a) A is zero-sum free (and thus positive because it is additively generated by 
its units), in which case X is nondegenerate by Lemma 3, or 

(b) A has nontrivial zero-sums. 

In both cases, Lemma 8 shows that the matrices C T and D are surjective, which 
yields the additional statement by Lemmata 5 and 7. □ 




^fc(o-) 



Fig. 2. Illustration of the relations between the matrices in the proof of Theorem 11. 



4 Category of simulations 

In this section our aim is to show that several well-known constructions of wta 
are functorial: they may be extended to simulations in a functorial way. Be- 
low we will only deal with the sum, Hadamard product, cro-P r °duct, and <tq- 
iteration (cf. [14]). Scalar Ol-substition, t [6], homomorphism, quotient, and 
top-concatenation [14] may be covered in a similar fashion. 

Throughout this section, let A be commutative. Let M = (£,Q,/j,,F), 
M' = (£,Q',n',F'), and M" = (£,Q",y",F") be wta. We already remarked 

that, if M 4 M' and M' 4 M", then M 4- M". Moreover, M 4 M with the 
unit matrix I G J 4 < 3 X< 3. Thus, wta over the alphabet £ form a category Sim^. 
In the following, let M = (£, Q, fj,, F) and N = (£, P, v, G) be wta such that 

QC\P = %. 



Definition 12. The sum M + NofM and N is the wta (£, QUP,n, H) where 
H = (F, G) = ( ^ J and 

{V>k(<7) qi -q k ,q ifq,qi,---,Qk€Q 
v k{v) qi -q h , q ifq,qi,---,qk€P 
otherwise. 

for all a £ £k and q,qi,. ■ ■ ,qk £ Q U P. 

It is well-known that \\M + N\\ = ||M|| + ||7V||. Next, we extend the sum 
construction to simulations. To this end, let M — > M' with M' = (S, Q' ', //, F' ), 
and let N $ N' with N' = (£, P', u', G'). 

Definition 13. The sum X + Y e A ( - QuP '> x( - Q ' uP '^ of the transfer matrices 
X and Y is 

'X o N 



Vj - V '.0 1 

Proposition 14. We have (M + N) X -^X (M' + N'). 

Proof. We only need to verify the two conditions of Definition 1. For every 
a G Sk we have 

(/i fc (ff) + Mo-)) -(X + Y) = /2 k (a)X + v k (a)Y 
= X k >® ■ f,' k (a) + Y k <® ■ n' k {a) = (X + Y) k >® ■ {^{a) + v' k {a)) 

and (F, G) = (XF', YG') = (X + Y) ■ (F', G'}, which completes the proof. □ 

Proposition 15. The function +, which is defined on wta and transfer matri- 
ces, is a functor Sim s — > Sims ■ 

Proof. It is a routine matter to verify that identity transfer matrices are pre- 
served and (X + Y) ■ (X 1 + Y') = XX' + YY' for all composable transfer matri- 
ces X,X',Y,Y'. □ 

Definition 16. Let ag be a distinguished symbol in Sq. The ag-product M - ao N 
of M with N is the wta (S, Q U P, k, H) such that 

H=(F,0) = (J ) 

and for each a 6 S k with a ^ ao, 

Hk(o-) qi ... qk , q ifq,qi,---,qh€Q 

_ i IM)(<ro)q ■J2peP ly k(o-) qi - qk ,pG p if qeQ and q 1 , . . . ,q k e P 

Kk{P)q 1 -q k ,q — \ , . 

Vk(o-) qi ... qk , q ifq,qi,...,q k £P 

otherwise. 



Moreover, 

, n _ f/"o(o-o) g •EpeP iy o(CTo)pGp i/g £ Q 

It is known that \\M - ao N\\ — \\M\\ - aa \\N\\. We extend this construe- 

X Y 

tion to simulations. To this end, let M — ► M' and iV — > N'. Then we define 
X ■ IJa Y = X + Y . The next proposition can be verified by a routine calculation. 

Proposition 17. TTie function - CTo , which is defined on wta and transfer matri- 
ces, is a functor Sim E — > Sims . 

Definition 18. The HADAMARD product M - H N is the wta (S, Q x P,k, H) 
where H — F G and Kk(o~) = /Ufe(u) v^io) for all a G S^. 

X Y 

We again extend the construction to simulations. If M — > M' and N — >• N', 
then we define X -h X V. 

Proposition 19. TTie function -h, which is defined on wta and transfer matri- 
ces, is a functor Sim s — > Sims ■ 

Finally, we deal with iteration. Let ao be a fixed symbol in Sq. Here we 
assume that A is complete. Thus, A comes with a star operation a* — X^ieiN an 
for every a G A. 

Definition 20. The a^-iteration M*°o of M is the wta (S,Q,k,F) where 

peQ 

for all a G S k \ {<t } and k q (<j q ) = /i («7o)- 

If M 4 M', then we define X*-o = X. 

Proposition 21. T/ie ctq -iteration, which is defined on wta and transfer matri- 
ces, is a functor Sims — > Sims ■ 

Remark 22. Several subcategories of Simi; are also of interest, for example the 
categories formed by the relational or functional simulations and their duals. 
The above constructions are preserved by these special kinds of simulations. 

5 Joint reduction 

Next we will establish equivalence results using the approach called joint re- 
duction in [3]. Let V C A 1 be a set of vectors for a finite set /. Then the A- 
semimodule generated by V is denoted by (V). Given two wta M = (E, Q, /1, F) 
and N = (£, P, v, G) with QC\P = 0, we first compute M+N = (£, QUP, //, F') 
as defined in Section 4. Now the aim is to compute a finite set V C A^ uP such 
that 



(i) (v\ • • • <g) Wfc) • /x^.(ct) G (V) for every cr G Sk and ui, . . . , Vk G V, and 
(ii) Vi-F = W2G for every (vi, v 2 ) G V such that Vi G A® and t> 2 G A p . 

With such a finite set V we can now construct a wta M' = (£, V, v' , G') with 
G' v = vF' for every v € V and 

X! ^feWfi-^.v • V = (Vl • • • ® Wfc) ■ /4(<T) 

for every cr G i^fe and vi,...,Vfc G V. It remains to prove that M' simu- 
lates M + N. To this end, let X — (v) ve v, where each v G V is a row vector. 
Then for every a G Sk, Vi, ■ ■ ■ , Vk G V, and q G Q U P, we have 

= {{v 1 ®---®V k )- p! k ((j)) q = ^ Mil ■■■■■( V k)q k VfcO^l-gfc.g 

qi,...,q k £QUP 

= (X k >® ■ »' k (<j)) 

Moreover, if we let Xi and X 2 be the restrictions of X to the entries of Q and P, 
respectively, then we have v' k (a)Xi = X x ■ Hk(o~) and v' k (p)X 2 = X 2 • v k {p). 
In addition, G^ = vF' = X^gqup w <?-^<2 = (XF') V for every u G V, which 

Y" _ 

proves that M' — > (M + iV). Since v\F = v 2 G for every (vi,v 2 ) G V, we 
have G' (viV2) = (wi,«2)F' = UiP + w 2 G = (1 + l) Vl F = (1 + l)v 2 G. Now, let 
G(' Vli „ 2) = «iP = v 2 G for every (ui, v 2 ) G V. Then 

G " = v ^ F = J2 v i F i = ( XiF ^ 

q&Q 

= v 2 G=J2 v p G p = ( X * G ^ 
pep 

for every v — (vi,v 2 ) G V. Consequently, M" -4 M and M" -4 N, where 
M" = (£, V, v', G"). This proves the next theorem. 

Theorem 23. Let M and N be two equivalent wta. If there exists a finite 
set V C A^ u with properties (i) and (ii), then there exists a chain of sim- 
ulations that join M and N. In fact, there exists a single wta that simulates both 

M and N. 



5.1 Fields 

In this section, let A be a field. We first recall some notions from [8]. Let 
(p G A((Ts)} be a tree series. The syntactic ideal of ip is 

I v = {> G A((T E }) I J2 M *)(¥>, c[t]) = for all c G C s } . 

t£T s 



Moreover, let = be the equivalence relation on A((Tjj)) such that ipi = ^2 if and 
only if ipi — -02 £ !<?• The syntactic algebra is [A((Tz))} = . By [8, Proposition 2] 
the tree series <p is recognizable if and only if its syntactic algebra has finite 
dimension. Now, let tp be recognizable, and let B be a basis of its syntactic 
algebra. Finally, let M v be the obtained canonical weighted tree automaton, 
which recognizes <p. 

Theorem 24 ([8, p. 453]). Every trim wta recognizing ip simulates M v . 

Consequently, all equivalent trim wta Mi and Mi simulate the canonical wta 
that recognizes ||M||. Using Theorem 11 we can show that there exist wta M[, 
Ml,, N[, and N^ such that 

- Mi «- M{, 

- M[ — > N[ with an invertible diagonal matrix E, 

- N[^> M v , 

- N£-»M V , 

- M' 2 — > N2 with an invertible diagonal matrix E' , and 

- M 2 «-M 2 . 

This can be illustrated as follows: 

, r backward , r i diagonal , T , forward ,. r forward , T i diagonal ^ r , backward , . 

Mi < M[ > N[ > M v < N2 < M 2 > M 2 

Theorem 25. Every two equivalent trim wta M and N over the field A can be 
joined by a chain of simulations. Moreover, there exists a minimal wta M» M 11 
such that M and N both simulate Mu M \\ . 

We could have obtained a similar theorem with the help of Theorem 23 
because the finite set V can be obtained as in [7]. The approach in the next 
section will cover this case. 

5.2 Noetherian semirings 

Now, let A be a Noetherian semiring. We construct the finite set V as follows. 
Let Vo = {ii' (a) \ a S Eq} and 

V i+ i = V l u({(v 1 <Ei---(g)v k )-^ k ((7) \a€E k ,vi,...,v k €Vi}\(Vi)) 

for every i S IN. Then 

{0} C (Vo) C (Vi) C • • • C (V k ) C • • ■ 

is stationary after finitely many steps because A is Noetherian. Thus, let 
V = V k for some k € IN such that (V k ) = (Vfe+i). Clearly, V is finite and 
has property (i). Trivially, V C {h^(t) \ t G Tjj}, so let v 6 V be such that 
v = ^2 i& j(h^(ti), h u (ti)) for some finite index set / and ti G T-£ for every i € I. 
Then 

iei iei iei iei 

because ||M|| = ||AT||, which proves property (ii). 



Theorem 26. Let A be a Noetherian semiring. For every two equivalent wta 
M and N over A, there exists a chain of simulations that join M and N . In 
fact, there exists a single wta that simulates both M and N . 

Proof. Follows from Theorem 23. 

Since 2Z forms a Noetherian ring, we obtain the following corollary. 

Corollary 27 (of Theorem 26). For every two equivalent wta M and N 
over 2Z , there exists a chain of simulations that join M and N . In fact, there 
exists a single wta that simulates both M and N . 

In fact, since M+N uses only finitely many semiring coefficient, it is sufficient 
that every finitely generated subsemiring of A is contained in a Noetherian 
subsemiring of A. Since every finitely generated commutative ring is Noethe- 
rian [24, Cor. IV.2.4 & Prop. X.1.4], we obtain the following corollary. 

Corollary 28 (of Theorem 26). For every two equivalent wta M and N over 
the commutative ring A, there exists a chain of simulations that join M and N . 
In fact, there exists a single wta that simulates both M and N. 

5.3 Natural numbers 

Finally, let A = IN be the semiring of natural numbers. We compute the finite 
set V C IN QUP as follows: 

1. Let Vo = {fj,' Q (a) \ a G Sq} and i = 0. 

2. For every u, w' G V, such that v < v' , replace v' by v' — v. 

3. Set V l+1 =V t \j({{vi®---®v k )-n' k {<7) \o-£Z k ,v 1 ,...,v k e^}\(^))- 

4. Until Vi + i = Vi, increase i and repeat step 2. 

Clearly, this algorithm terminates since every vector can only be replaced by 
a smaller vector in step 2 and step 3 only adds a finite number of vectors, 
which after the reduction in step 2 are pair wise incomparable. Moreover, prop- 
erty (i) trivially holds because at termination Vi+\ = Vi after step 3. Con- 
sequently, we only need to prove property (ii). To this end, we first prove 
that V C ({hfj,>(t) | t G Tj;}}+.-. This is trivially true after step 1 because 
Ho(a) = hn'(a) for every a <E Eq. Clearly, the property is preserved in steps 
2 and 3. Finally, property (ii) can now be proved as follows. Let v ^ V be such 
that v = ^2 ieIl {h^{ti),h v {ti)) - X)»ei 2 (fy*(**)>' l ''(**)) f° r som e finite index sets 
I\ and Ii and U G Ts for every i e I\ U 1% . Then 



M*0 - E K(ti)) F = E K(ti) F - E h ^) F 



E 
Y,(\\m\\,u) J2(\\M\\, ti ) = x)(iwu) - Edi^ii'**) 

i&Ii i£/2 i&Ii iGh 



J2 h v {U)G - Y, h »^ G = (E M*0 - E M*i))G 

i&Ii i£li ig-Ti ie/2 



because IIMII = ||JV|; 



Corollary 29 (of Theorem 23). For every two equivalent wta M and N 
over IN, there exists a chain of simulations that join M and N . In fact, there 
exists a single wta that simulates both M and N . 

For all finitely and effectively presented semirings, Theorems 25 and 26 and 
Corollaries 28 and 29, also yield decidability of equivalence for M and N. Es- 
sentially, we run the trivial semi-decidability test for inequality and a search for 
the wta the simulates both M and N in parallel. We know that either test will 
eventually return, thus deciding whether M and N are equivalent. Conversely, 
if equivalence is undecidable, then simulation cannot capture equivalence [16]. 

References 

1. Abdulla, P.A., Jonsson, B., Mahata, P., d'Orso, J.: Regular tree model checking. 
In: CAV. LNCS, vol. 2404, pp. 555-568. Springer (2002) 

2. Beal, M.P., Lombardy, S., Sakarovitch, J.: On the equivalence of ^-automata. In: 
ICALP. LNCS, vol. 3580, pp. 397-409. Springer (2005) 

3. Beal, M.P., Lombardy, S., Sakarovitch, J.: Conjugacy and equivalence of weighted 
automata and functional transducers. In: CSR. LNCS, vol. 3967, pp. 58-69. 
Springer (2006) 

4. Berstel, J., Reutenauer, C: Rational Series and Their Languages, EATCS Mono- 
graphs on Theoret. Comput. Sci., vol. 12. Springer (1984) 

5. Bloom, S.L., Esik, Z.: Iteration theories: The Equational Logic of Iterative Pro- 
cesses. Springer (1993) 

6. Bloom, S.L., Esik, Z.: An extension theorem with an application to formal tree 
series. J. Autom. Lang. Combin. 8(2), 145-185 (2003) 

7. Bozapalidis, S.: Effective construction of the syntactic algebra of a recognizable 
series on trees. Acta Inform. 28(4), 351-363 (1991) 

8. Bozapalidis, S., Alexandrakis, A.: Representations matricielles des series d'arbre 
reconnaissables. Informatique Theorique et Applications 23(4), 449-459 (1989) 

9. Buchholz, P.: Bisimulation relations for weighted automata. Theoret. Comput. Sci. 
393(1-3), 109-123 (2008) 

10. Cleophas, L.: Forest Fire and Fire wood: Tools for tree automata and tree algo- 
rithms. In: FSMNLP. pp. 191-198 (2008) 

11. Eilenberg, S.: Automata, Languages, and Machines. Academic Press (1974) 

12. Fsik, Z.: Axiomatizing the equational theory of regular tree languages. In: STACS. 
LNCS, vol. 1373, pp. 455-465. Springer (1998) 

13. Fsik, Z.: Axiomatizing the equational theory of regular tree languages. J. Log. 
Algebr. Program. 79(2), 189-213 (2010) 

14. Fsik, Z.: Fixed point theory. In: Handbook of Weighted Automata, chap. 2, pp. 
29-66. EATCS Monographs on Theoret. Comput. Sci., Springer (2010) 

15. Fsik, Z., Kuich, W.: A generation of Kozen's axiomatization of the equational 
theory of the regular sets. In: Words, Semigroups, and Transductions, pp. 99-114. 
World Scientific (2001) 

16. Fsik, Z., Maletti, A.: Simulation vs. equivalence. In: FCS (2010), to appear, http: 
//arxiv . org/abs/1004 . 2426 

17. Golan, J.S.: Semirings and their Applications. Kluwer Academic, Dordrecht (1999) 

18. Hebisch, U., Weinert, H.J.: Semirings — Algebraic Theory and Applications in Com- 
puter Science. World Scientific (1998) 



19. Hogberg, J., Maletti, A., May, J.: Bisimulation minimisation for weighted tree 
automata. In: DLT. LNCS, vol. 4588, pp. 229-241. Springer (2007) 

20. Karner, G.: Continuous monoids and semirings. Theoret. Comput. Sci. 318, 355- 
372 (2004) 

21. Klarlund, N., M0ller, A.: Mona Version 1.4 User Manual (2001) 

22. Knight, K., Graehl, J.: An overview of probabilistic tree transducers for natural 
language processing. In: CICLing. LNCS, vol. 3406, pp. 1-24. Springer (2005) 

23. Kozen, D.: A completeness theorem for Kleene algebras and the algebra of regular 
events. Inform, and Comput. 110(2), 366-390 (1994) 

24. Lang, S.: Algebra. Addison Wesley, 2nd edn. (1984) 

25. May, J., Knight, K.: Tiburon: A weighted tree automata toolkit. In: CIAA. LNCS, 
vol. 4094, pp. 102-113. Springer (2006) 

26. Milner, R.: A Calculus of Communicating Systems. Springer (1980) 

27. Park, D.M.R.: Concurrency and automata on infinite sequences. In: GI-TCS. 
LNCS, vol. 104, pp. 167-183. Springer (1981) 



